Abstract -We show the direct analogy between the ghost-free non-linear formulation of massive gravity and the standard σ-models well understood in the literature. This issue explains why there are two non-trivial family of solutions for the spherically symmetric case inside the nonlinear massive gravity formulations with two free-parameters α and β. In general, the case β < α 2 has a single physical vacuum state. On the other hand, the case β = α 2 contains a natural vacuum degeneracy. This is in perfect analogy with the σ-model for scalar fields where depending on the values taken by the parameters of the theory the vacuum can be single or degenerate.
Introduction. -Massive gravity theories reproduce the idea of a massive graviton in order to explain why gravity becomes weaker at large scales such that the accelerated expansion of the universe takes place [1] . The most popular approach for massive gravity theories is the de-Rham-Gabadadze-Tolley (dRGT) formulation [2] . Not only because it is ghost-free. But also for being able to reproduce naturally the appropriate value of the Vainshtein radius which in this theory (in other theories too) is the scale after which the accelerated expansion of the universe becomes relevant [?] . This scale is in perfect analogy with the one obtained inside General Relativity (GR) for the Schwarzschild de-Sitter case (S-dS), where the gravitational attractive effects of gravity and the repulsive effect of the cosmological constant (Λ) cancel each other [4] . Inside the scenario of massive gravity, some black-hole solutions have been derived [5, 6] . Among all the proposals, the most generic and the easiest one to analyze, is obtained in [5] . What is remarkable about the solution formulated in [5] is that it condensates two family of solutions in a single one. In fact, by defining the two free-parameters of the theory as α and β, the two family of solutions can be classified in 1). Type I: Which corresponds to the condition β < α 2 . 2). Type II: Which corresponds to the condition β = α 2 . Initially, it would seem to be a coincidence the existence of precisely two family of solutions depending on the parameter combination. However, after some deep analysis, it is possible to demonstrate that there is a perfect correspondence between the two families and the notions of vacuum. In fact, an alternative classification is 1). Type I: Corresponding to a unique vacuum in a free-falling frame. 2). Type II: Corresponding to a degenerate vacuum in a free-falling frame [7] . For simplicity, it is possible to impose the stationary condition. In any case, in general it is always expected that any deviation with respect to the stationary condition should come from the perturbations of the metric. If gravity is included, the two type of solutions can be classified as follows 1). Type I: The vacuum is uniquely defined by the fundamental scales of the theory and the location of the observer with respect to the source. 1). Type II: The vacuum is degenerate and then the fundamental scales of the theory are arbitrary [7, 8] . Similar results were found inside bigravity formulations in [9] but analyzed from a different perspective.
The scalar σ-model. -The scalar σ-model is defined by the Lagrangian [10] 
containing the two free-parameters λ and µ. Depending on the value taken by µ 2 (or the relation between the two free-parameters), the vacuum is unique or degenerate. Note that the previous action is invariant under the group p-1 of transformations
Here we will represent this transformation schematically M = O(N ) in order to represent the set of orthogonal matrices defined by eq. (2) . The potential is defined by
The potential has a minimum defined by the condition
Note that if µ 2 < 0, the minimum is located at φ i = 0. On the other hand, if µ 2 > 0, then the vacuum is degenerate and located at
This minimum is degenerate and then we can select with arbitrariness the direction of the vacuum field configuration. Normally, the vacuum direction is taken such that
Note that the vacuum is invariant under the subgroup H = O(N − 1), which leaves the selected axis unchanged. The subgroup only exchange massless particles among themselves. The dimension of the coset space, defined as M/H, provides the number of broken generators. The review of these results can be found in [10] .
Massive gravity black-hole solutions. -The spherically symmetric black-hole in dRGT massive gravity, contains two non-trivial solutions (not conformal to Minkowski) [5] . The action in massive gravity can be expressed schematically as
where the Kinetic term corresponds to the EinsteinHilbert action after expanding it up to second order, in other words, it contains second-order derivative terms in the action as follows √ −gR → (∂h)(∂h). The potential is a term containing non-derivative terms interactions in the action. In gravity, the field is the graviton and it is represented by the perturbations of the metric g µν = g µνback + h µν , with g µνback representing the background solution. The explicit expression for the action in massive gravity is
where
The exact definitions of U n , can be found in [2, 5] . As can be observed from the definition (9), the potential in massive gravity, also contains two free-parameters as it is the case of the linear σ-model. It is convenient to re-define the set of parameters by
With this definition, the Schwarzschild de-Sitter solutions in massive gravity theories, develop the following results:
as it was demonstrated in [5] . This generic solution can be classified by the following cases
In a free-falling frame, where we can define f (Sr) → 1, the vacuum for this case is unique. This means that the minimal of the potential defined by
In other words, the solution for the previous equation is h µνvac = h µν (α 2 , β) trivially for the free-falling case. Note that this is connected to the fact that T ′ 0 (r, t) = 0 under the free-falling condition previously mentioned for this case in [5, 7, 8] . Once the parameters of the theory are fixed, then the vacuum is automatically defined. The vacuum defined in this way is invariant under diffeomorphism transformations and as a consequence, the symmetry is not spontaneously broken in this case. Note that the free-falling condition eliminates the fundamental scales of the theory, namely, the Newtonian constant (G) and the graviton mass parameter (m).
Type II: β = α 2 . For this second family of solutions, for the free-falling condition, the vacuum is degenerate in the sense that the solution for the condition (12) is given by
with T ′ 0 (r, t) arbitrary. Note that here we are assuming the stationary conditionṪ 0 (r, t) = S. However, this condition is not necessary when we consider perturbations. Here we keep it for simplicity but in general, the vacuum solution as it is formulated in eq. (13), depends onṪ 0 (r, t) too. There is no loss of generality in the stationary condition assumption because all our arguments related to T ′ 0 (r, t) can be just repeated for the case when there are deviations with respect to the stationary condition under the general solution T 0 (r, t) ≈ St + A t (r, t), as far as the conditions A t << 1 andȦ t << 1 are satisfied [5, 7, 8] . Note that the vacuum defined by eq. (13) is degenerate and is not invariant under the diffeomorphism transformations depending explicitly on the Stückelberg functions T 0 (r, t). This issue can be observed better if we define the dynamical metric containing all the degrees of freedom using the non-linear Stückelberg trick [11] 
with Y 0 (r, t) = T 0 (r, t) and Y r = Sr as has been demonstrated in [5, 7] . The diffeomorphism transformations are then defined by
(15) Note that the vacuum definition (13) will not be invariant under the set of transformations in eq. (15) depending explicitly on the Stückelberg function Y α (x). In this case then we say that the symmetry is spontaneously broken. The broken generators correspond to the set of transformations containing the explicit dependence on T 0 (r, t). In this sense, the vacuum is clearly not unique. The classification of the solutions in Type I and Type II in connection with what happens with the ordinary sigma models, is one of the new results of this paper. Note that once again the free-falling condition eliminates the fundamental scales of the theory locally.
Including gravity. -When gravity is included, we have to select the location of the observer with respect to the source. In such a case, we can generalize the result such that f (Sr) ≈ 1−ǫ, with ǫ containing the fundamental scales of the theory, namely, G and m. If we select the location of the observer with respect to the source using r ∽ (GM/m 2 ) 1/3 , then ǫ = (GM m g ) 2/3 [7, 8] . However, it is not necessary to specify in principle any location. What is important for the moment is to keep in mind that ǫ contains the fundamental scales of the theory. Again here we have two type of solutions and they can be divided depending on the relation between the two free-parameters as follows Type I: β < α 2 . For which the Stückelberg function has to satisfy the constraint [5] 
If we introduce the result f (Sr) ≈ 1 − ǫ, then the previous result can be expanded as follows
for ǫ << 1. Or
for ǫ >> 1. Here however we do not consider the case ǫ >> 1 because it would correspond to the situation where the observer is located inside the event horizon and the coordinates used for describing the solution become inappropriate. The case ǫ → 1 corresponds to the event horizon condition. For the situation with ǫ << 1, the vacuum solutions defined by eq. (12) become
The vacuum is then uniquely defined by the location of the observer with respect to the source and by the fundamental scales of the theory.
Type II: β = α 2 . For this situation, the constraint (16) is not satisfied. In such a case, the function T 0 (r, t) is completely arbitrary. The arbitrariness of the function is then reflected on the arbitrariness of the parameter ǫ defined previously. By continuity in the solutions with respect to the parameters α and β, still we can assume a polynomial expansion in terms of the fundamental scales of the theory, or equivalently, in terms of ǫ. Then we can define at the lowest order [7, 8] 
with ǫ arbitrary. Then the arbitrariness of the function T 0 (r, t) is equivalent to an arbitrariness in the fundamental scales of the theory, contained inside ǫ. This issue might be relevant at the moment of locating fixed points inside this theory. The classification of the black-hole solutions in Type I and Type II, together with the related behavior of the fundamental constants of the theory, is the main contribution of this paper. The following tables illustrates the analogy between the linear σ-model and the non-linear formulation of massive gravity.
The analogy suggests that Massive gravity theories can be observed as a special case of sigma models. In the coming section, we will review some other important results derived recently by other authors and pointing to this direction. The method proposed here analyze the vacuum solutions of the theory under spherical symmetry and then classify them in analogy with the sigma models. The analysis of the coming section, is based on the study of the mathematical structure of the massive action itself ( √ −gU (g, φ)) and its connection with the generic non-linear sigma models.
Non-linear sigma models and massive gravity. -It has been proposed previously in [2] , that massive gravity formulations can be understood as a special case of the p-3 non-linear sigma models. The action for these type of models is defined by
This generic form of a non-linear sigma model maps a base manifold toward a target space. The base manifold is usually taken to be Minkowski and the target space f ab (φ) is usually required to be positive definite for avoiding ghost. This means that the target space has to be Riemannian. If the target space is symmetric, this statement is equivalent to the isometry group being compact. This condition is dubbed as the Riemann/compact requirement. However, there are exceptional cases where the target manifold is not required to be positive definite. One example corresponds to the Nambu-Goto action [2, 15] . In such a case, although the target space is Lorentzian (pseudoRiemannian), the ghost can be avoided because it corresponds to a degree of freedom that can be gauged away through a first class constraint. Another way for avoiding ghosts in pseudoRiemannian target spaces is by introducing subgroups of gauge symmetries in the action such that the ghost is again projected out. Examples of these cases are given in supergravity constructions [16] . These approaches eliminate the ghost by using first class constraints. In general, given a non-compact group G, such that the Killing metric contains both, positive and negative signatures, it is possible to avoid the ghost by introducing a subgroup of gauge symmetries such that all the positive or all the negative signatures are projected out. On the other hand, by using second class constraints, it has been demonstrated that there is an unique way for avoiding the Riemann/compact condition for a target space with one negative direction (Lorentzian). The models where this can be done are defined by the action [2]
Here β n (φ) are functions of the Stückelberg fields φ a and the metric f ab has a Lorentzian signature. The matrices X µ ν are defined by
with a = 0, 1, ..., N −1 and N ≥ D. The potential terms in the non-linear massive gravity formulations, here defined by √ −gU (g, φ) in eqns. (8) and (9) can be considered as a limit or special case of the result (22) when the functions β n (φ) become constants, the target space becomes Minkowsni f ab = η ab and N = D. The consistency of this result is the purpose of the analysis done in [2] . The fact that massive gravity formulations are equivalent to special cases of non-linear sigma models implies the possibility of having inside the solutions of the theory some of the properties of the sigma models. In this paper for example, we have demonstrated that there are two non-trivial family of black-hole solutions in massive gravity. Here we called them Type I with β < α 2 , where we have a single vacuum and Type II with β = α 2 , where the vacuum is degenerate. As can be observed, the type of solution depends on the relation between the two free-parameters of the theory. This is in agreement with the behavior of a sigma model where depending on the relation between the free parameters of the theory the vacuum can be single or degenerate. Note that here we do not consider the case β > α 2 because it is unphysical. In fact, it represents the branch of solutions for which the scale factor S becomes complex and then the dynamical metric will not be well defined.
Conclusions. -In this paper we have demonstrated the analogy between massive gravity theories and the scalar σ-models. This fact explains why there are two family of black hole solutions well defined in this theory [5] . The family for which β < α 2 , gives an unique notion of vacuum, defined in general by the position of the observer with respect to the source. On the other hand, the family for which β = α 2 , corresponds to the case of degenerate vacuum, where the symmetry is spontaneously broken. When gravity appears, the arbitrariness of the Stückelberg function T 0 (r, t) for this solution is equivalent to the arbitrariness of the fundamental scales of the theory G and m, this observation and the analysis involved is the main contribution of this paper. From this perspective, the theory of massive gravity seems to develop a rich structure at the vacuum level. We have to remark that the ambigüity in the notions of vacuum in massive gravity theories is what create an (apparent) effect of extra-particle creation at large scales inside these theories even if the physics at the event horizon level never changes with respect to the GR case [?, 12] . Note that the case β > α 2 is not considered as a physical one in agreement with the solutions found in [5] because for this case, the scale factor S becomes complex. Other results in the literature have also demonstrate that massive gravity theories are in essence a special case of non-linear sigma models [2] . The analysis done in [2] is focused in the potential term of the massive action of the theory and its connection with the non-linear sigma models. In this paper we have taken an already well derived solution inside the scenario of the non-linear formulation of massive gravity and we have analyzed the behavior of the vacuum solutions. The solution is then classified in two families depending on the relation between the two free-parameters of the theory. The results clearly suggests a typical behavior of a sigma model. We can then conclude that any modification of gravity based on sigma models should develop well defined families of black-holes depending on the relation between the two free-parameters of the theory.
